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ABSTRACT

THERMAL RECTIFICATION BEHAVIOUR OF SOME SMALL QUANTUM
SYSTEMS

ZERVENT, SELAHITTIN ATILAY
M.S., Department of Physics

Supervisor: Prof. Dr. Sadi Turgut

September 2021, 44| pages

Thermal rectification behaviors for some small quantum systems are studied by us-
ing the Lindblad master equation. From the underlying Hamiltonian dynamics of
the composite quantum systems consisting of small quantum systems and reservoirs,
Lindblad master equations are obtained by using certain approximations. Optimum
operation parameters are determined for a single two-level and two two-level quantum
systems. It is shown that there is no thermal rectification behavior when the contact
between two reservoirs is a single harmonic oscillator or two harmonic oscillators
Lindblad master equation and Hamiltonian dynamics is used separately to show that
the zero rectification is due to the linearity of the dynamics of the oscillators and it
is not the result of the approximations made when the Lindblad master equation is

obtained.

Keywords: Lindblad master equation, thermal rectification, thermal diode, Ising cou-

pling, Heisenberg coupling
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BAZI KUCUK KUANTUM SiSTEMLERIN ISIL DOGRULTMA
DAVRANISLARI

ZERVENT, SELAHITTIN ATILAY
Yiiksek Lisans, Fizik Bolimi

Tez Yoneticisi: Prof. Dr. Sadi Turgut

Eyliil 2021 , [#4] sayfa

Baz1 kii¢iik kuantum sistemleri i¢in 1s1l dogrultma davraniglart Lindblad denklemi
kullanilarak incelenmistir. Kii¢iik kuantum sistemleri ve rezervuarlardan olusan bile-
sik kuantum sistemlerinin altinda yatan Hamilton dinamiklerinden, belirli yaklagim-
larla Lindblad denklemleri elde edildi. Tek bir iki seviyeli ve iki iki seviyeli kuantum
sistemleri icin optimum calisma parametreleri belirlendi. iki rezervuar arasindaki te-
mas olarak harmonik osilator ve iki harmonik osilator i¢in 1511 dogrultma davraniginin
olmadigi gosterilmistir. Sifir dogrultmanin Lindblad denklemini elde ettigimizde yap-
tigimiz yaklagimlarin sonucu olmadigini géstermek i¢in Hamilton dinamigini kullan-

dik.

Anahtar Kelimeler: Lindblad denklemi, 1s1l dogrultma, 1s1l diyot, Ising etkilesmesi,

Heisenberg etkilesmesi
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CHAPTER 1

INTRODUCTION

Humankind has recently begun to exploit quantum nature. The ability to manipulate

individual molecules, atoms, and spins have led to the emergence of quantum devices.

However, those quantum devices are not isolated systems but open quantum systems
which thermally interact with their environment. The stored quantum information
leaks into the environment as the state of the system gradually approaches the thermal
equilibrium state which is determined by the temperature of the environment. There-
fore controlling the quantum devices also requires controlling their interaction with
the environment. Thermal control in the nanoscale requires systems on nanoscale
whose behaviors are governed by quantum mechanics. Therefore there is a need to
study the thermal behaviour of quantum systems. Recently, such studies have been

done[ll} 2} [3] 4, |5 |6].

In this thesis, some basic well-known quantum systems are investigated for their ther-
mal rectification behaviors when they are simultaneously in contact with two oth-
erwise non-interacting thermal baths in the search for a possible quantum thermal
diode. A thermal diode is the thermal analog of the electrical diode, which allows
current to flow in one direction and restricts it when the opposite voltage difference
is applied. In the thermal diode, heat is allowed to be transferred in one direction but

restricted in the other direction.

Of course there is no rectification in the linear regime when the temperature difference
between the reservoirs is small. For this reason, large temperature differences are
treated in all of the calculations. For such large temperature differences, the steady-

state quantum state of the thermal contact may diverge significantly from a canonical



thermal equilibrium state. For this reason, exact calculations of the state of the contact

areé necessary.



CHAPTER 2

LINDBLAD MASTER EQUATION

2.1 Density Matrices

Since we will deal with the thermal properties of quantum states, we have to deal with
their statistics. And in order to characterize the statistical properties of a quantum

system, we will use a density matrix.

Consider an ensemble of quantum states, each with its state vector. If we want to find

the expectation value of an observable A, we have

(4) = 7 S (WalAlta) 2.1)

«

where n,, is the number of elements in the ensemble having state vector ¢,,. Inserting

an identity operator, we have
(4) = 3 Waldlo) (Gbe) = 30 T (Gita) Waldls) . @)

where ¢;’s are orthonormal state vectors in an arbitrary base. If we define density

matrix p as

P= Paltia)(thul (2.3)

where p,,’s are the classical probabilities of an element in the ensemble to be in state

wa,

Pa =77 - (2.4)

Then the expectation value of an observable becomes
(A) =tr(Ap) . (2.5)

3



Note that the state vectors can be represented in a particular basis as

’wa> = Z ¢z‘wa |¢z an z’¢z . (26)
Then the density matrix can be represented as
P= DaCaiChjl0:) (&5l =D pijlen) (6] - 2.7)
a,i,j i’j

Therefore when the density matrix is represented in a particular basis, there are two
probabilities to consider for the diagonal elements, the classical probability of the
state to be the particular state in the ensemble, p, and the quantum probability of
that particular state to be in the base state, |c,;|?. The multiplication gives us the
overall probability of finding the state in ¢;. Also, note that when we consider the
density matrix in the energy basis, the diagonal elements of the matrix gives us the
probabilities to find the state at the corresponding energies, therefore for a system in
thermal equlibrium, there is no particular state for the system but particular diagonal
elements of the density matrix. Therefore we need to work in the density matrix

representation.

2.1.1 Composite systems

A system that consists of more than one quantum system is called a composite quan-
tum system. Let us assume that a composite system is formed by a bath(B) and a sys-
tem(S) coupled to it. When we want to find the expectation value of operator A**) for
the coupled system, we need to find the expectation value of the operator A% @ [(5)
where A acts on the coupled system’s Hilbert space and identity operator /(%) acts

on the bath’s.

Density matrix can be written as

p= Z pijkilaibs){arbil , 2.8)
,5,k,l
where
|aib;) = |a;) @ |b;) 2.9

la;)’s are in the system’s Hilbert space and |b;)’s are in the bath’s Hilbert space,

4



la;b;)’s are in the composite Hilbert space and |a;),|b;),|a;b;) are all orthonormal

states. Then partial trace

ps = tra(p) (2.10)
becomes

Z p'Lj kl b ‘bl |a'L ak‘ szykg’az ak| (211)

i,5,k,1 0,5,k

We use partial trace to characterize the statistics of a subsystem from the density

matrix of the composite quantum system][7]].

2.1.2 Time evolution of a density matrix

To obtain the time evolution of p, in equation [2.10, we first write the Schrodinger

equation for an arbitrary state |¢)) in the composite system’s Hilbert space.

Zh—ll/)( ) = H[v(t)) (2.12)

where H is the Hamiltonian for the composite system. We can define the time evolu-

tion operator U as

U(t, )Y (to)) = [¥(2)) - (2.13)
Since |1y, ) is time-independent, the Schrodinger equation reduces to
d

for the time evolution operator, which results in

H(t—tg)

Ut te) =e " 7. (2.15)

Since
p(to) = pa [Ya(to)) (Ya(to)l (2.16)
the density matrix time evolution is therefore

p(t) = U(t,to)p(to)U'(t, o) . (2.17)

And from equation the time derivative of the density matrix is

(e =~ [H.p(0)] (2.18)

5



And for the coupler system

pult) = trs(—+[H, p(1)]) 2.19)

Unfortunately this equation cannot be used in that form. In most of the cases, we are
interested in the system only and we only know p,. As a result, the right-hand side
must be expressed entirely in terms of p,. This cannot be done exactly. Therefore
some approximations have to be used. If the right-hand side is expressed only in
terms of a linear function of p, at time t, then the equation is called a Markovian
equation. In this approximation, all future values of the density matrix depends only

on any chosen initial state (and not on any prior states).

2.2 Lindblad Master Equation from the Hamiltonian Dynamics

The dynamics of an open quantum system, in general, can not be represented with
a unitary time evolution which does not explain the irreversibility, entropy increase,
or relaxation to equilibrium. It is, instead, represented by a master equation for its
density matrix. The dynamical map governed by the master equation should be a
completely positive trace-preserving map to ensure that the time evolved density ma-
trix conserve the properties of a density matrix. Moreover, if we neglect the memory
effects in the evolution(We assume reservoir correlation functions decay so rapidly
than the systematic evolution of the system), we can show that the master equation is

in the Lindblad form|[8]].

i

ps(t) = =7 H, ps(t)]
Ve o (2.20)
+ ; Vi |:Akps(t>Ak 3 {AkAkaps(t)}} ’

where Aj’s are jump operators. Since equation [2.19]is generally very complicated to
deal with, by making some approximations, we will obtain a master equation in the
Lindblad form in which we obtain the jump operators from the underlying Hamilto-

nian evolution.

Following the footsteps of a classical textbook[8]], we start with the time evolution of

6



the density matrix in the interaction picture for the whole system. The Hamiltonian
of the whole system is

H=Hs+ Hg+ Hy | 2.21)

where Hg is the system Hamiltonian, Hp is the bath Hamiltonian, and H; is the
Hamiltonian of the interaction between bath and the system. We write the Hamilto-
nian as

H=Hy,+ Hy , (2.22)

where

Hy=Hg+ Hp (2.23)

is the unperturbed Hamiltonian and the interaction term, H;, can be written as
Hy =) Ay®B,, (2.24)
o

where A, and B, are Hermitian operators where the former acts on the system and
the latter acts on the reservoir. Here our aim is to relate the jump operators to A,’s.

The time evolution operator in the interaction picture is defined as

Ur(t, to) = US(t, to)U (L, o) = o T e 5 (2.25)
and the interaction picture state ket
Ur(t, to)|1(0)) = [¢(t)r , (2.26)
which makes the interaction picture density matrix as
pr(t) = Ur(t, to)p(to) U] (t, to) . (2.27)
Because
d
z‘hEUI(t,to) = H;(t)U(t,to) , (2.28)
where
Hy(t) = Ul(t, to) HiUo(t, to) (2.29)

the time derivative of the density matrix in the interaction picture becomes

l

pr(t) = =5 [ (1), pr (1)) (2.30)



When equation 2.30]is integrated, the resulting density matrix as a function of time is

.
i
plt)r = pr(0) ~ 5 [ [Hi(s)ops)ds 231)
0
It could be substituted in equation [2.30] to obtain the time derivative of the density
matrix again,
_ i I
prt) = =5 (Hi0.ps0)) = 35 [ 0L pi(o) s @32)
0

Hj in the interaction picture is
Hi(t) = Au(t) ® Balt) . (2.33)

If we apply the Born approximation for the density matrix by assuming the coupling
between the system and reservoir is small enough to assume that the reservoir excita-

tions are not affected by the system

p1(t) = p1s(t) ® pp (2.34)

and use equation equation has the following form

prs(t) =D (Aa(t)prs(t) — ps()Aa(t)) trp (Ba(t)pp)

[0}

“w dsZZ[Aa(t)Aﬁ(S)st(S)th (Ba(t)Bs(s)pB)
(2.35)

Let us assume that

trp (Bo(t)ps) =0, (2.36)

note that for any B operator we can add or subtract a constant times identity operator
to B and accordingly modify Hg to have the same H consistent with equation [2.36
Then, equation [2.35| can be written as

pra(t) = = o [ s S ltws (Balt) Bals)pm) (Aa(t) As(s)pr(s) — As(s)prs(s) Aul)
0 .8
+ tr (Bs(B)Ba(t)prs) (prs(5) Aa()Aa(t) — Aa(t)prs(5) A5(5))]
(2.37)



Here the equation[2.37]is not a Markovian Master Equation which should be indepen-
dent of the previous states of the system since it depends on the initial state at ¢ = 0;

But if is assumed that the reservoir correlation functions,

trp (Ba(t) Bs(s)p) = (Ba(t)Bs(s)) . (2.38)

decay so rapidly that only the contribution around ¢ is significant, then the limit at

t = 0 can be changed to limit at{ = —oo . And if —s+1 is substituted for s, equation
[2.37 becomes;
) 1
Prs = W, ds Z [trp(Ba(t)Bs(t — s)pp) (Aalt)As(t — s)prs(t)
Q,B

_Al?(t — 5)prs(t) Aa(t)

+tra(Ba(t — ) Balt)pp (prs(As(t — 8)Aa(t) — Aalt)pro(£)As(t — 5))] .
(2.39)

Now, define
Aaw)= Y w(e)Aar (&) | (2.40)

e —e=hw
where 7(¢€)’s are the projection operators for the states having energy fie. We can

consider 7 = 1 and Boltzmann constant £ = 1 henceforth. It gives the results

eiHstAa(w)e—’iHst — e_thAa(W)

. A . (2.41)
€ZHstAL(LU)€_ZHst — ezthL(w)

Y

[Hs, Aa(w)] = —wAa(w)
[Hs, Al (w)] = wAl () (2.42)
Al(w) = Aa(—w) ,
t— S Zelws 7zth
_ Z e—zwsezth;(w

(2.43)

_ Zeiw’tAL(w/
w/

_ Z efiw’tADl(wl)
w/

(2.44)



Substitute A(t) in equation accordingly,

pro(t) =D eI (w) (Ap(w)pra(B) AL () = Al () Ap(w)pra(t))

ww a,p
N (—w) (Aa (@) pro(D) (W) = pro() A () Aa ()
(2.45)
where I',5 1s
Fop(w) = /00 dse™® trp (Bo(t)Bs(t — s)pB) - (2.46)
0

The fact that pp and Hp commutes(since the bath is in a thermal state) and cyclic

rearrangements in I', 5 results in
trp {7 Boe 1Bl Boem =9 p o — trg { B4 (s)Bs(0)ps} . (2.47)

And, therefore,

prs(t) =3 D €@ 5 (w) (Ap(w)prs(t) AL (W) — AL (W) A(w)prs(t))

w,w' af

4 I 0) (Aa (@) pra(DAY6) — pra AL @) A ()
(2.48)

Interchanging o and S for the second line does not change the equality,

prs(t) = Y D T Tap(w) (Ap(w)prs ()AL (W) — AL (W) As(w)prs(t))

ww' a,f

eI (W) (Ag (@) prs(H) AL (w) — prs(t) Al (w) Ag (W)
(2.49)

The time scale for the intrinsic evolution of the system, 7g is typically |w’ — w| ™! If
the relaxation time of the open system 7 is large compared to the 7g, the terms which
have w # ' results in rapidly oscillating terms in the 75 scale. Therefore they can be
neglected, and we are left with the terms in which w = w’. Rearranging terms

prat) = 3 (Fasfe) + T5,() (Aslpn0AL6) = FLAL (). pr0) )

a767w

~ (Tapl) = Thalw)) 5 [AL (@) As(w), pra(0)]
(2.50)

Eventually, equation [2.50| can be written as
pls(t) =—1 [HLS) pls<t>]

+ Z Yo (W ( w)prs (DAl (w) — = {A* ) Ag(w), p (t)}) | (2.51)

a,fB,w

10



where

h
His =), 5 (Tap(w) = Tap(w)) AL (w) As(w) (2.52)
a,fB,w
and
Yap(w) = Tap(w) + Ta(w) - (2.53)

Now we need to find the Schrodinger picture evolution of the density matrix. Since
p=e 1 pretttst (2.54)

the time evolution of p becomes

p=—iHgp +ipHg + e sty ettlst (2.55)
And, since
[Hs, Al(w)Ag(w)] =0, (2.56)
and
e Hst AL (W) prsAg(w)est = AT (w)pAs(w) , (2.57)
e st A (w)pre Al (w)e™st = Ay (w)pAfi(w) | (2.58)
we have

ps(t) = —i[Hps + Hs, ps(t)]

# 3 ) (A3 04L0) - 3 {44400, (0} )

O67/870‘]

(2.59)

2.3 Master Equation for a Two-Level Atom in a Radiation Field

Since giving a physical example makes our assumptions clearer and concrete, the
coupling of a radiation field in free space, which is at a thermal state, with an electric
dipole of a two-level atom will simulate the reservoir and a two-level quantum system
coupling in the following sections. The Hamiltonian for radiation field is
Hp =Y > wypbl(k)ba(k) . (2.60)
ioA=12

It is possible to write the interaction Hamiltonian as
H =-D-E, (2.61)

11



where E is the electric field operator and D is the dipole moment.

From [8]],

E=iy" Y 27;"’“@3(12) (bA(E) —bi(l%’)) , (2.62)
k
where

(2.63)

-

gA(k‘) . gA/(k) = (5)\)\/
Since the expectation value of E is zero for a thermal bath, the approximation in

equation is validated.

Electric field operator in interaction picture reads as

y s n 2 =, bnd - . g byt
Bo(t) = e Zrawtl®or®ry 3 / 7;% ¢S (F) (bA(k/) — bl (k)) o= ra @bl (R)bA(R)E
B

(2.64)
From the relations of
iR bbbt _ ieoblbt o —iwnbblty, _ o—iwity, (2.65)
piwrbTbtpt o —iwgbTbt _ pt piwrbbTt —iwpbTot _ iwrtpt , (2.66)
we have equation 2.64] as

B =i/ 27;"’“ SR (et (F) — e al(B)) . 67)
5y

Then,
2T aliN.B (10 > iws —iwg S I L7
Tas= 30 TVEame R (F) [ dse™ [~ s {by(@by ()
Kk AN 0
e (b (B} ()
+ etiwks <b:r\(/2)b)\/( _7)>
= ern (b (Rl ()

(2.68)
Here we need to find the expectation values. Since we used thermal reservoirs through-
out the thesis, the density matrix of the baths are those of thermal state’s
_ 1 s
pB = Ee , (2.69)

12



where Z is the partition function.

Z = trp (e71") (2.70)
From [9]],
o5 = H (1 _ e—ﬁwk) —Buwbl (F)bx (K ) 2.71)
kA
Therefore,
<bA(l%')bA/(E’)> — trp (bA(l%')bA/(lz’)po> ~0 2.72)
and
<b§(/;)b)\r(/§/)> :5>\X6El§’ 1 _ e*ﬁwk Zne Buwgn
(2.73)
(5/\)\/(5kk7 ( )
where
e Bwk
Then,
<b)\<];)b,\/(]5;)> = 5)\)\1(5];]9 (1 + N(wk)) s (275)
and
2 - -
Tas(@) = 3 Tanef (R F) / ds [N (1) + €05 (N () + 1)] .
kA 0
(2.76)
It is possible to approximate the summation over k as an integral
d*n = (2.77)

and

/ EBrk== / 2dewy, / (2.78)

The integrand for the solid angle integration is the vectors under A summation

- - ko k
>SRN (F) = das — =157 2.79)
A
Therefore, it reads as
9 8m
dSY (6a5 — cos®0) = 3 Oas - (2.80)

13



Eventually,

2Was [* .
Pap(w) = 6/0 dwyw [N(wk)/o pilerton)s g g

o 3
sme . (2.81)
+ (N(w) + 1)/ e @)s s
0
and
. 2(5045 > 3 > i(wtwg)s
Yap(w) = o3 dwgw; | N (wy,) e ds
0 e (2.82)
+ (N (wr) + 1)/ elWwns g
The integrals are Dirac delta functions. Therefore,
43
For w>0 7.3 :5045@(]\[@1) +1)
43
For w<0 74 :5045@]\[(&}) (2.83)
4wl
~bas g (N () +1)
And the master equation reads as
_ 1
ps(t) = =5 [Hrs, ps(t)] + D (ps(1)) (2.84)
where D(p;(t)) is called the dissipator,
43 ; 1 +
D(ps(t)) =) 3 (L N(W@) | Da(@)ps(t) Dg(w) = 5 {Di(@) Dalw), ps(t) }
w>0
4’ ; 1 t
+ Z @N(w) Da(w)ps(t)Da(w) - 5 {Da<w)Da(w)u ps(t)} .
w>0
(2.85)

2.4 Master equation for the harmonic oscillator

Here the Hamiltonians read as
Hy = Zgn (a—i—aT) (bn +bL)
Hs = wa'a (2.86)

Hp =Y Qublb, .

14



where n is the number of oscillators in the bath. The equation [2.40]becomes

Aw)= > w(e)(a+a)r(e) . (2.87)

e/ —e=hw
When the w is larger than zero, the creation operator gives zero therefore

Aw)= > w(ean(e) =a. (2.88)
e’ —e=hw
When the w is less than zero, the annihilation operator gives zero and
Alw) = Z m(e)alm (¢) = al . (2.89)

Then, following the previous calculation’s footsteps, we obtain

1 1
ps =7 (N1 + 1) [aspsaT — —dalap, — —psaTa]

2 2
) , (2.90)
v (M) |alpsa — —aalp, — = psaal|
2 2
where
v=> 9 / ELCLL P 2.91)

2.5 Heat transfer expression

Now we find the heat transfer expression. We formulate the energy transfer rate as
the rate of change of the expectation value of the system Hamiltonian due to the

interaction with the bath,

d

=

(H) = tr (psHs) . (2.92)

After this point, we will not include [Hys + Hg, ps(t)] in our calculations since the

dynamics it generated do not contribute to the energy transfer because
[Hs,Hps] =0, (2.93)

and

tr([HLS + HS;ps]HS) = tr([Hs, HS + HLS]ps) =0. (294)
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CHAPTER 3

TWO-LEVEL SYSTEM

Now we will investigate the heat transfer rate for a two-level quantum system as the
coupler between the reservoirs. Here we first derive the Lindblad master equation for
the system and two reservoirs coupling. Then we will find the steady-state case, and
from the steady-state density matrix and the master equation, we will find the heat

transfer rate and the thermal rectification characteristics.

o- -0

Figure 3.1: Contact between the reservoirs. L corresponds to the left reservoir, R

corresponds to the right reservoir, and S is the two-level system.

3.1 Master equation

The coupling is

Hy = Do g\Ean. (3.1)
a,\

«’s are the indices for three dimensions, \’s are the indices for the reservoirs, and
there are only two possible w values that correspond to the raising and lowering ener-

gies of the two-level system. For w’s positive value,

D(w) = [g){(9lDale){e] = (g Dale)o—, (3.2)
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where |g) is the ground state and |e) is the excited state for the two-level atom. Sub-

stituting equation [3.1]in equation[2.83]

3
4wg

po(l) =55 (G1(1+ Ni) + g5 (1 + Vo)) > g Dal ) [o-ps(t)os
1 1
— 504+0-ps(t) — 5ps(t)oio-]
0 2 (3.3)
+§ﬁﬁNﬁﬂ%@2]@Wdqum®m
1 1
- EU—UJFPs(t) - Qﬂs(t)0—0+] :

We will not be interested in the off-diagonal terms of p; in the energy basis since they
will not contribute to the energy calculation of the system, therefore the energy trans-
fer rate. This reduces the unknowns to two from four. The corresponding equations

for the steady-state case are the following

(g1(1+ N1) + g5 (1 + Na)) 11 — (g N1 + g5 N2)poo = 0 a4
(g N1+ g3N2)poo — (97(1 4+ N1) 4+ g5(1+ Na)) p11 =0,

where py and p; are the diagonal elements of the density matrix corresponding to
the ground and excited-state probabilities. These are two dependent equations in two
variables. We will first find the steady-state solution to find the heat transfer rate. To

solve the equations, we will need an extra constraint of normalization,

poo+pi1=1. (3.5)

The results are the following

gt + N1) 4 g3(1 4 Ny)
Poo = P 9 ) (36)
g7 (L +2Ny) + g5(1 + 2No)
2N 2N.
gl 1 +92 2 (3.7)

= G3(1+2Ny) + g3(1 4 2N3)

Here one might check the temperature of the two-level system from the probabilities

in equations [3.6]and

2Ny + g2N,

T=—wln .
gi(L+ N1) + g3(1 + No)

(3.8)

Here, if we denote

T, =T+ AT, (3.9

18



then, if we consider 7" in equation as T'(T1,T;) and we expand T'(T},Ts) for Ty

around 7} expands as

2
93
i +9s

in which the first two terms are the expected classical results. Steady-state solution is

T=T + AT 4 . (3.10)

the result of canceling effects of the two reservoirs on the system. Now we will inves-
tigate the heat transfer rate. It can be found by considering a single reservoir’s effect
on the system. The reservoir causes a change in the energy level density changes the
expectation value of the system’s energy. Since it will be in the steady-state case, the
other reservoir will have the opposite effect on the densities. Therefore, there will be
a net flow rate of energy from one reservoir to another. The heat flow rate from the

first reservoir becomes

q= tr (Dl (ps7steady) HS) 3 (311)

where pgteqdy 1 the density matrix at steady-state D1 (pgieqady) is the dissipator in the
master equation resulting from the contact with the first reservoir. Then the heat

transfer rate becomes

d
q= w(@pll,steady)lstbath ) (312)

where 15'bath near the parenthesis indicates the rate of change due to the first reser-

voir only The master equation involving a single reservoir results in

Poo = ’79%(1 + Ny)pin — 79%N1p00

(3.13)
P11 = 79iN1poo — 795 (1 + Ni)pur
where -y is a constant
4o
=33 ZI {g1Dale) (3.14)

Here, we assumed the ground state has zero energy, substitute the steady-state solu-

tion, and find its effect on the energy change rate of the system,

(N1 — Na)
3.15
7= 7919292(1+2N1)+g2(1+2N2) (3.15)
One can check the heat flow for the second reservoir as well,
poo = 795 (1 + Na)pir — 795 Napoo
(3.16)

p11 = Y95 Napoo — 795 (1 + Na)pi1 -
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And the heat transfer rate becomes

Ny — Ny
q = wy9i95— ( )

. 3.17
AL+ 2V,) + (1120, G-A7)

It is the heat flow of the first reservoir with an additional minus sign which should
be the case since the heat flows from one reservoir to the other reservoir. Here, the
effects of reservoirs on the system cancel each other and result in a net heat transfer

rate between the reservoirs with a steady-state system

3.2 Rectification behavior

To analyze the rectification behaviour, we need to express it mathematically. There

are more than one ways to express it. We will use

n_ Q(Ty,Ty) + Q (T, Th) (3.18)

Q(N,T») = Q(Tr,Th)

where ) (17, T5) corresponds to the heat flow from the first reservoir when the first

reservoir is at temperature 77 and the second reservoir is at 7,. Here R takes values
between +1 and —1. The limiting values correspond to maximum rectification. The
value 0 will be the no rectification case when the heat flow rate changes sign when the
temperatures are exchanged. Note that the amount of rectification is actually charac-
terized by the absolute value of R. It can have its negative value if one considers the

other reservoir as the first reservoir.

When the system is a two-level quantum system, and when the coupling constants
are equal there is left-right exchange symmetry in the system. If the temperatures
of the reservoirs are exchanged, overall coupling does not change. Therefore the
rectification will be zero. However, if the coupling constants are different, it results

in a non-zero rectification.

In figure[3.2)it can be seen from the heat flow rates that there is a rectification behavior

with the two-level system as a coupling between two reservoirs.

Now we will investigate the rectification behavior to find how to obtain the opti-
mal conditions which maximize the thermal rectification. There are five degrees of

freedom in the system, which are the temperatures of the reservoirs, the coupling
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Figure 3.2: Heat transfer rates in the case g; = 5, g = 1.

constants, and the energy difference between the two levels. We first investigate the

lower temperature’s effect on the rectification with a constant temperature for the hot

reservoir.

R

0.7}
06°
0.5¢
04}
0.3}
0.2}
0.1t

Tolw=100

Tolw=20

Tolw=11

0.0
0

— Tqlw
2 4 6 8 10

Figure 3.3: Rectification in the case g; = 5, go = 1.

The rectification is reduced with the increasing temperature of the colder reservoir

and increased with the increasing temperature of the hot reservoir, as can be seen

in figure 3.3] Therefore having the colder bath as cold as possible and having the

reservoir as hot as possible will increase the thermal rectification.
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Now we investigate the coupling constant’s effect on the rectification. However,
we just investigate the effect of their ratio but not heir individual values since their
strength changes the heat transfer rate equally on both directions. Here, as the ratio
increases, the rectification increases too as expected since it increases the asymmetric
character of the coupling. To maximize the rectification, one should have the most

asymmetric condition possible in the coupling constants.

R
0.8+ To/w=100
06/
04

Tolw=10
02}

Tolw=1.1

— | gile 2

2 < 6 8 10

Figure 3.4: Rectification in the case T} /w = 1

The last variable is the excitation energy of the two-level system. The effect can be

seen in figure[3.5] As the energy increases, the rectification is reduced.
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Figure 3.5: Rectification in the case g = 5, go = 1
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CHAPTER 4

TWO TWO-LEVEL SYSTEMS

Now we investigate a system consisting of a two two-level system as a contact be-
tween reservoirs. The left reservoir is in contact with the left two-level system, and
the right reservoir is in contact with the right two-level system only while the two-

level systems interact.

0 --®

Figure 4.1: Contact between the reservoirs. L corresponds to the left reservoir, R
corresponds to the right reservoir, Sy, is the left two-level system, and S is the right

two-level system.

4.1 Ising Coupling

4.1.1 Theory

The Hamiltonian of the whole system is

H=Hs+ Hp+ Hp+ ZgLJ;(aTL’i + aLJ;)a:f + ZgR,j(aE,j + aRJ)af , (4.1)
i J
where
Hg = %UZL + %05 + —ngaZLaf ,

and L, R denotes the left and right reservoirs. The coupling between the two-level

4.2)

atoms is called the Ising coupling. Here, we assumed the coupling constants are
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equal for both reservoirs since the rectification we will investigate is not due to the

asymmetric coupling constants. Then

pult) =) 1+ Ny o pul0)at = Jkot () = 5pu(tiotol

) Ne@)otp ot = Satatn(t) = 5p()otot)

1 1 4.3)
F@)(1+ Na(w)) o ()0 — S0kl (1) = Sput)olio"]
(@) Nalw) o pa ()0 — 2070 %p.(1) ~ 2 pu(t)o”o ).

Note that 7y is a function of w here since there is more than one transition energy. Let

us denote the eigenkets of the system as

1) = li1) (4.4)
[T = [¢2) (4.5)
1) = [vs) (4.6)
L) = [ha) - (4.7)

Now we consider our bath is an Ohmic bath[1]] in which

V(W) = Yow - (4.8)

Then, the Lindbladian results in the following equations for the diagonal elements of

the density matrix in energy basis at the steady state;

[— (E1 — E3) (N12 + 1) = (Ey — E3) (N1 + 1)] pui + (E1 — E2) Nigpao

4.9)
+ (Ey — E3) Nispss =0

(Ey — Es) (N2 + 1) p11 + [— (B — E3) Nig — (Ey — Ey) (Nog + 1)] pao 4.10)
+ (B2 — E4) Noapaa =0

(Ey — E3) (N3 + 1) p11 + [— (Ey — E3) Nyg — (Ey — E3) Ni3pss @1

+ (Ey— E3) (Ngg+ 1) pags =0
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(Ey — Ey) (Nog + 1) pag + (Ey — E3) Nagpss
+ = (Ey— E3) (Nyg + 1) — (Ey — Eg) Nog| paa = 0,

(4.12)

where
1

N’L e —eﬁa(El_Ej) — 1 ,

(4.13)

and alpha denotes the corresponding reservoir which induces the level changes in the
system. The equations combined with the normalization of the density matrix has a

unique solution whose exact expression can be found in [2].

The heat flow of the right reservoir is

q =0 (E1 — Es) [(N12 + 1) p11 — Niopaa] (B4 — Es + E4 — E3) . (4.14)

4.1.2 Behaviour

The probabilities’ flow among the energy eigenstates forms a loop and each flow
between two eigenstates is done by a specific reservoir. This loop can be arranged
like in figure 4.1 so that it involves an excitation done by the cold reservoir, which
acts as an impediment in the flow. However, when the baths are interchanged, there
will be no excitation done by the cold reservoir but a deexcitation by the hot reservoir,
which always has a finite rate at any temperature. If you arrange the energies like in
figure 4.2) and require an excitement by the cold reservoir in the loop, this will cause

a significant rectification effect since the opposite loop does not require such a thing.

If you arrange the levels so that the cold reservoir’s excitation becomes a decay and
all transition have the same energy as in figure[d.4] then the system acts as a two-level
system, and the rectification becomes zero with equal coupling strengths as expected.
The behavior of rectification in figure 4.5 indicates the rectification is done by the

cold reservoir’s excitation, like in figure {.2]

4.2 Heisenberg Coupling

Now we will consider the coupler consists of two-level atoms coupled by the Heisen-

berg coupling.
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E
. 4 vT )

Figure 4.2: Transitions among the energy levels. The sequence represents the energy

levels. The blue arrows correspond to the excitations or deexcitations done by the left
reservoir, and the red arrows are the ones done by the right reservoir. The arrows on
the left represent the heat flow from the left bath to the right bath, while the arrows
on the right are the flow from the right bath to the left bath.

Q/(yow r%)x10°
1 57— Q(T1/wr=1,T2/W Rr=X)
— Q(Ty/w_r=x, To/w g=1)

1.0t

0.5}

1.2 1.4 1.6 1.8 2.0

Figure 4.3: Heat transfer rate in the case w;, = 1lwpg, wg =0
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Figure 4.4: Transitions among the energy levels. The sequence represents the energy

levels. The blue arrows correspond to the excitations or decays done by the left reser-

voir, and the red arrows are the ones done by the right reservoir. The arrows on the

left represent the heat flow from the left bath to the right bath, while the arrows on the

right are the flow from the right bath to the left bath.

2 4 6 8 10

w;_waR

Figure 4.5: Rectification in the case wr = 0, T, = wrr and TR = 2wppr. wp = 0

corresponds to the figure Efl

4.2.1 Theory

Hamiltonian for the whole system is

H = HS+HL+HR+Z(QLi+aL,i)0—£+

J

29
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where

Hs

wr WR WLR WLR WLR
ZL—i- —of+ —ololt + —=olol + —=olot

2 9 7z T Ty %% T 7%

(4.16)

where wy,, wg, and wy i are real. First we obtain the energy eigenstates of the system.

If we express the coupling operators in the energy basis, we get

and

where

8 3

a+b

0 0 _\/1+E:aj:b)2
1
0 b | VIHED?
at
—_ C 1
Vi e
a—b
P C 1
Ve emp
1
O 0 \/1+(ai-b)2
0 0 s
L Ve
1 o a
V1H(2E)2 Vi+(4E)? 0
(1 B a;b O

4= WRr — WL,

CcC = QLULR,

b=+Va%+c2.

4.2.2 Behavior

(4.17)

(4.18)

(4.19)

(4.20)

(4.21)

The matrices mean that both left and right reservoirs are responsible for the transitions

1< 3,3« 2,2 < 4,and 4 < 1. The transitions in the loop can be done by

both reservoirs. This prevents an impediment like in the Ising coupling case in the

energy flow since there is no excitation done by the cold reservoir only. Therefore the

rectification is greatly reduced for similar parameters to figure [4.3] as can be seen in

figure 4.6

30



. 2. .3
Q(yowr™)x10

400 —— Q(T4/wr=1,To/w g=X)
Q(T1/w r=x, Tol W g=1)
200
r L L 1 L L L L L L 1 1 1 X
12 4 16 1.8 20
=200
_400}
Figure 4.6: Heat transfer rates in the case w;, = 11wy, wg =0
We can express our system Hamiltonian as
WL, WR R, WXy [ R, WXY 1 R, WLR I R
HS_7O-Z —f-?az +TO':EO'x —f-TO'y y +T P (422)

which is called the XXZ model. The case wxy = 0 is the Ising coupling, and wxy =
wrr 1s the Heisenberg coupling. Then we can plot the rectification as a function of
wWxy In ﬁgure@ It can be seen how the rectification is reduced with increasing wxy

term.
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CHAPTER 5

HARMONIC OSCILLATOR

Now we will investigate the thermal rectification behavior of a harmonic oscillator as

the coupler between the reservoirs.

o- -0

Figure 5.1: Contact between the reservoirs. L corresponds to the left reservoir, R

corresponds to the right reservoir, and .S is the harmonic oscillator.

5.1 Master equation

Hamiltonian of the whole system is

H =wala + Z Qblb, + > Qabb,

)
+Zgz +a) (bl +b:) + > gy (a a)(bLijy).
Y

(5.1)
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With two reservoirs, equation [2.90] becomes

1 1
ps =71 (N1 + 1) {apsaT — §aTaps — §psaTa]

1 1
+ 71 (N1) [afpsa - éaans - §PSGGT}

(5.2)
i1y Loy
+792 (N2 +1) [apsa’ — 5@ aps = Spsala
: Loy 1
+ 72 (N2) |a'psa — 50a'ps — 5psaal | .

There are infinitely many elements in the diagonal terms of the density matrix. How-
ever, we look for a general solution. For the n'h element of the density matrix, we

have the following relation.

Pn =71 (Nl + 1) (n + 1),0n+1 —-—MNn (Nl + 1) npn
+ 1 Ninpp—1 — N1 (n+ 1)p,

(5.3)
+ 72 (N2 + 1) (n+ 1)ppi1 — 72 (N2 + 1) np,
+ Y2 Nonpn—1 — 72 No(n +1)py, .
When we check for the n = 0, we see the following relation.
po =71 (N1 + 1) p1 = 11 Nipo
(5.4)
+ 72 (N2 +1) pr = 72Napo
which results in
71N + 72 No
= : (5.5)
O N+ ) e+ D)
and the general relation becomes
Y1 N1 + 72Nz
= 1 - (5.6)
TN D) (N, + D)
Then the general solution for p,, is
Pn=T1"po (5.7
where
N- N.
- Y14V1 + Y24V . (5.8)
'Yl(Nl + 1) + VQ(NQ + 1)
From the normalization of the density matrix,
pn=1"(1—=71). (5.9
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Then, from one reservoir’s dissipator

Pn =M (Nl + 1) (n + 1)pn+1 - N (Nl + 1) npPn (5.10)

+ 1 Ninpp—1 —1Ni(n+1)p, .

Then, the energy flow becomes

qg=—Y wy(l—7)[(N;+1)(n+ 1)nr"H
;% 1 1 (5.11)

— (N 4+ D)n®*r" + Non*r™™ ' — Ni(n + Dnr"] .

And, the flow becomes
Y172
=w Ny — Ny) . (5.12)
E Y1+ V2 (M, 2)

This is an interesting situation. If one looks at the equation, it is symmetric with

respect to coupling constants. If one interchanges them, the result is not affected,
which means zero rectification. We need further analysis without the approximations
of our Lindblad approach to check the rectification is precisely zero or resulted from

our approximations.

5.2 Exact solution

We consider the special case when the composite system is formed from linear oscil-
lators. In that case, it can be shown that the rectification is always zero. Below we are

going to prove that this is the case. The Hamiltonian can be written in the form

H =Y hW;blb; (5.13)
]
where

Since W is a Hermitian matrix, we can diagonalize it
Wi = UiawaUja , (5.15)
(6%
and obtain the Hamiltonian as

H=> hwaclca . (5.16)
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where

S
Cq = Z Ujabj .
J
Now, define N;; as

N (#) <bTb> ZUmccﬁ

Then, from the Heisenberg picture c’s
col(t) = e @l ol (t) = e™elel

we have
Nij(t) = Ujae™' =" (clicg)o Ui .
From
(ches)y = Uka (Bltr) Tis

N;; becomes

Ni;(t) = Z Uja€™ Upa Nt (0)Usge ™% Uy

a’ﬂ7k7l

By using the relation

eiwat — (eiﬂt)

oo’

where () matrix is the diagonal matrix in which
Qoo = Wa )

Njj can be written as a multiplication of matrices

N,

Since

W =UQU",

we can write
Ny(t) = (), Naw(0) (),

Eventually,
N(t) = e ™IN(0)e™" .

36

(1) = (Ue™™UT) Ny (0) (Ue"*UT),

(5.17)

(5.18)

(5.19)

(5.20)

(5.21)

(5.22)

(5.23)

(5.24)

(5.25)

(5.26)

(5.27)

(5.28)



We are looking for the heat transfer rate expression, which is the rate of change in the

expectation value of one of the reservoirs,

d(Hp) —1
= = —{(H H 5.29
where Hamiltonian is
H=Hp,+Hrr+ Hss+ Hsy, + Hps+ Hrs + Hsp . (5.30)

The only terms which do not commute with H;; are Hg; and Hyg

i
q= ;L<[HLL>HSL+HLS]> ; (5.3D

where
Hyp =) hwlblb, (5.32)
Hgp =Y GLbD, | (5.33)
Hps=HY, . (5.34)

From the relations
[b;bz,b}bm} — _bb,

(5.35)
(b0, bTb;] = blb;
the heat flow becomes
_ s LoL /o
0= 5 Y ~Gh <bib$> +he. (5.36)
where h.c. corresponds to Hermitian conjugate. Now we have
= %Z r {(G*") N(1)} . (5.37)
When we substitute equation for N (t)
q= " {e" (GFw") e™IN(0)} . (5.38)

h
Here the information of temperatures is given in the initial reservoirs’ expectation
values of the energy of the individual oscillators, in other words, in /V(0) terms for the
corresponding reservoir’s corresponding oscillators. Since there are separate terms

for separate reservoirs, the terms that the temperatures appear are separable,
q = fL (TL) + 9r (TR) . (539)
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If the temperatures are the same, we know that the heat flow is zero, therefore

fu(x) = —gr(z) . (5.40)
Then
q=fr(TL) — fr (Tr) , (5.41)

which makes the thermal rectification zero. Note that there will be a transient regime
after the contact is initiated. However, we are interested in the regime where there is
steady heat flow from one reservoir to the other, and our equation still governs that

part of the regime as well as the transient part.

5.3 Two harmonic oscillators

Now we consider a coupling consists of two harmonic oscillators where each oscilla-

tor is coupled to only one reservoir and the the other oscillator.

o - -®

Figure 5.2: Contact between the reservoirs. L corresponds to the left reservoir, R
corresponds to the right reservoir, S, is the left harmonic oscillator, and Sg is the

right harmonic oscillator.

When the Hamiltonian of the system without the reservoirs is in the form
H = wia'a + web'd + wiaa’b + wyrbla , (5.42)

where

CL)TQ = W1 . (543)
As shown in [[10]] it can be written in the form

H=(a o) [ )0 (5.44)

W1 Wa b
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where the w matrix is a Hermitian matrix. That means we can diagonalize it. The

diagonalized form is

H=Q,cte, +Q_cley (5.45)
where
and
c1 = acos(a) — bsin(a) , (5.47)
co = asin(a) + beos(a) , (5.48)
where
tan(a) = 2w , (5.49)

(w1 —wsy) — \/4w1wz + (wy — w2)2

and c, are the annihilation operators of the new oscillators
When one considers the couplings between the reservoirs and the system as in the

previous section, they become

(a' + a) = cos(a)(cl + ¢1) + sin(a)(c} + ) | (5.50)

(b' 4 b) = —sin()(c! + ¢1) + cos(@)(ch + ¢3) . (5.51)

We have two independent harmonic oscillators, each coupled to both reservoirs with

@

Figure 5.3: Contact between the reservoirs. L corresponds to the left reservoir, R
corresponds to the right reservoir, S is the first decoupled harmonic oscillator and .Sy

is the second.

distinct coupling constants. From chapter 4, we know how an oscillator results in a
non-rectifying coupling, and therefore, we have zero rectification again with a double

harmonic oscillator case
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CHAPTER 6

CONCLUSION

Thermal rectification behaviors of some small quantum systems which are used as a

contact between reservoirs are investigated.

If the contact between reservoirs is a two-level system and the coupling constants
with reservoirs are different, rectification occurs. It is shown that the rectification is
optimized when the transition energy of the two-level atom is low, higher temperature
is as high as possible, lower temperature is low as possible, and the coupling constants
are as asymmetric as possible. Note that, higher rectification does not guarantee
higher heat flow rates. Lower coupling constants and transitions energies means lower

heat transfer rate. They should be optimized.

If the contact is two two-level systems, each one is in contact with a different reservoir
and the other two level system, a much higher rectification than a single two-level sys-
tem can be obtained with the appropriate parameters. When the interaction between
the two-level systems is through the Ising coupling, the energy states of the double
system are the same states which single reservoirs’ coupling operators cause shifts.
This causes in the loop of the transitions to transfer energy from one reservoir to the
other, individual transitions are done by particular reservoirs. Therefore, by arranging
the parameters, one can require a high energy excitation done by the cold reservoir
and create an impediment in the loop. Note that this excitation becomes a high en-
ergy decay done by the hot reservoir, which always has a finite rate. Therefore a
rectification effect is obtained. As the excitation energy goes higher, the rectification
effect increases. Other energy levels should be optimized for the ideal heat transfer
rate. If the coupling is Heisenberg coupling both reservoirs are responsible for all the

transitions. Therefore, the rectification effect is greatly reduced.

41



If a harmonic oscillator is used as a contact, it is shown that there is no rectification
effect even though there are asymmetric coupling constants. It is checked that whether
it is a result caused by the approximations we did to obtain the Lindblad Master
equation. However, without the approximations, we were able to show that there
should be zero rectification since we were able to obtain the heat transfer rate as two

separate functions of the temperatures of the reservoirs.

If the contact is a double harmonic oscillator, each one in contact with a different
reservoir and the other oscillator system again results in a zero rectification effect
since we can show that this coupling is equivalent to two independent harmonic os-

cillators each in contact with both reservoirs.
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